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In this study, optimal shapes/proﬁles of axisymmetric continuum structures optimized for performance and manufac-
turability are sought, using a topology/shape optimization method called metamorphic development (MD). The
optimization seeks to ﬁnd an optimum cross-sectional proﬁle and minimum weight design, subjected to von-Mises
stress constraints under coupled thermal and pressure loadings. Both quadrilateral and triangular ﬁnite elements (FE)
were used to ‘metamorphically’ develop the structure. Two diﬀerent design optimization approaches were taken, by
deﬁning a set of ﬁnite ‘restricted’ and ‘unrestricted’ design domains. Manufacturability of the optimized structures
was considered. Prior to manufacturing, a post-optimization process was performed. A comparison was then performed
for both sets of optimized solutions to demonstrate whether the ‘restricted’ design domain solution gave greater or lesser
performance characteristics compared to the ‘unrestricted’ design domain solution which could only be manufactured
by additive manufacturing technologies (AMT). The results of the optimization demonstrated the success of the MD
method in generating practical design solutions which meet both performance requirements and manufacturing
considerations.
 2006 Elsevier Ltd. All rights reserved.
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optimization1. Introduction
Axisymmetric structures subjected to coupled pressure and thermal loads are commonly encountered in
engineering components such as turbine disks, ﬂywheels, pressure vessels, and disc brake rotors. These0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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tant that optimal shape and topology of axisymmetric structures are determined, to ensure optimum perfor-
mance during use. Ideally, axisymmetric structures should be made as a continuum structure, free from any
joints or assembly.
Design optimization techniques, capable of oﬀering low cost and quick solutions, coupled with ‘layer by
layer’ manufacturing techniques, termed additive manufacturing technology (AMT), can be seen as an
‘enabling technology’ for realizing fully optimized designs for manufacturing. Conventional manufacturing
techniques, for example, subtractive and formative based techniques, may be able to provide solutions to cer-
tain shape/topology optimized structures, but pose a barrier where fully enclosed design solutions emerge. A
combination of automated design optimization methods, together with AMT’s, will bridge the gap between
design and manufacturing, whilst oﬀering the possibility to explore more design solutions. To date, little
research has been carried out towards the design optimization for both performance and manufacturability.
Apart from the work demonstrated by Chang and Tang (2001), most of the research is either solely focused on
design and structural modeling, as presented by Yin et al. (2003), or the optimization of manufacturing
parameters by Lee et al. (2005).
Tasks associated with FE based shape optimization of continuum structures were ﬁrst demonstrated by
Zienkiewicz and Campbell (1973) by changing the coordinates of boundary nodes, or by altering the coeﬃ-
cient of the polynomials representing the boundaries, as demonstrated by Bhavikatti and Ramakrishnan
(1980). Since then, spline functions have become increasingly common for describing the boundary or shape
of a structure (Braibant and Fleury, 1984 Yang and Choi, 1985). Sensitivity analysis, mathematical program-
ming, sequential approximation and direct search methods have been extensively employed to solve related
optimization problems. A good review of these methods are provided by Cho and Choi (2005), Imam and
Al-Shihri (1996) and Masur (1984). Non-FE shape optimization methods, based on the boundary element
method (BEM), were described by Mota Soares et al. (1984), and BEM based axisymmetric shape optimiza-
tion by Lee (1996).
Over the years, shape and topology optimization methods have been developed by Bendsøe and Kikuchi
(1988), Bendsøe and Sigmund (2004), Liu et al. (2000, 2001), Olhoﬀ et al. (1998) and Xie and Steven
(1997). Methods which had been developed and applied to shape and topology optimization, are the homog-
enization and solid isotropic microstructure with penalization (SIMP) method. An extensive review of
these optimization methods can be found in the literature by Rozvany (1995) and Eschenauer and Olhoﬀ
(2001).
Methods for shape and topology optimization of 3D solid structures represent much of the current research
activity. Allaire (2004) applied the homogenization and level-set methods to ﬁnd an optimal shape cantilever
and gripping mechanism in a 3D design domain. Yang et al. (2005), Querin et al. (2000) and Ren et al. (2005)
gave 3D examples, such as short cantilever, channel beam, multi-arch structures, and underground excavation
using the ESO/BESO method. Allaire and Jouve (1999) demonstrated the SIMP method in ﬁnding full 3D
optimal solutions of an ‘L-shaped’ suspension-triangle structure. These methods demonstrated their capabil-
ities in generating optimum shape and topology, based on strain energy, compliance or stress level as optimi-
zation criteria.
The pioneering work in the optimization of thermoelastic structures was demonstrated by Rodrigues and
Fernandes (1995), where a computational model for a topology optimization problem using a material distri-
bution approach, subjected to thermal loads with a compliance objective function and an isoperimetric con-
straint on volume, was developed. Sigmund (2001) extended the topology optimization method and applied it
to optimize the design of thermally and electrothermally driven microactuators for use in microelectromechan-
ical systems (MEMS).
Reviews on topics of the optimization of axisymmetric structures are presented in Boisserie and Glowinski
(1978), Park et al. (1989), Lee (1996), Imam (1998), Vrbka and Kne´sl (1990), O¨zakc¸a and Hinton (1994a,b)
and O¨ztorun and Utku (2002). Apart from the work carried out by Liu et al. (2005), topology and shape opti-
mization of axisymmetric solids is an area in which comparatively little research has been reported, especially
for generalized, fully automated, FE based optimization methods. Less than this is the design approach of uti-
lizing and deﬁning design domains as design constraints, to generate optimum solutions to suit a particular
manufacturing process of end use components. The beneﬁts of optimized design solutions are seldom realized
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the presence of undercuts or the necessary tooling access to internal features. In this paper, we tested
the MD method to optimize axisymmetric structures subject to coupled pressure and temperature loads,
by deﬁning design domains as design constraints. Two optimum design solutions were generated, where they
were not only optimized to meet the imposed optimization criteria, but were also optimized for
manufacturability.2. Design problem
The design task is to ﬁnd an axisymmetric structure of optimal cross-sectional proﬁle, by distributing mate-
rial, or by ‘growing’ the structure. The structure must attain minimum mass and satisfy a strength criterion.
Two optimization approaches were considered.
(i) Finite restricted design domains.
(ii) Finite unrestricted design domains.
In the ﬁrst approach, growth restrictions were imposed at certain regions of the ﬁnite boundary design
domain. In the second approach, growth was allowed to occur freely, within the ﬁnite boundary design
domains. The design problem can be stated asFig. 1.
1), (b)minimize M s
s:t: rmax 6 rcwhereMs is the structural mass, rmax is the maximum stress (von-Mises) of the structure, and rc is the speciﬁed
limit on the maximum stress of the structure. For this particular study, the optimization criteria rc was set to
800 MPa.2.1. Optimization design domains
The design domains are the search space in which element growth and degeneration take place, where the
structure was ‘metamorphically’ developed. The schematic diagrams of the initial structures and design
domains of Case-1 and Case-2 are shown in Fig. 1(a) and (b) respectively. For this study, both optimization
cases were carried out. In Case-1, optimization was performed using ﬁnite region design domains of
‘restricted’ boundaries. In Case-2, optimization was performed using ﬁnite region design domains of ‘unre-
stricted’ boundaries.Geometry of optimization initial structures and coordinate points of the design domains: (a) ﬁnite restricted design domains (Case-
ﬁnite unrestricted design domains (Case-2).
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The deﬁnition of diﬀerent design domains leads to diﬀerent optimized solutions. This observation has lead
to the idea that design domains could be used to perform constrained based optimization, as a form of indirect
approach, to generate solutions to fulﬁll requirements for manufacturability. Growth restrictions being
deﬁned to the design domain can be seen as a practical approach to generate optimized structures which allow
access of tooling. An optimized design solution which cannot be build due to geometric complexities, even
though optimal in the sense of performance, can only be seen as a form of idealized solution without practical
use. The design domains deﬁned in Case-1 (see Fig. 1a) was intended to generate an ‘open ended’ optimized
structure, to suit a material subtractive based manufacturing method. For Case-2, growth was permitted to
occur within all regions of the design domains (see Fig. 1b). In this case, a ‘closed proﬁle’ structure was gen-
erated. Due to the closed proﬁle nature of this structure, manufacturing by means of subtractive based method
was not possible as the access for tooling was prevented. An alternative manufacturing method is required in
order to realize this design.
2.3. Modeling of axisymmetric structures
FE derived axisymmetric solids, with arbitrarily shaped bodies of revolution were produced from revolved
ﬁnite elements. By taking a four-node quadrilateral element as an example, axisymmetric elements are used in
the r–z plane, where the z-axis is the axis of symmetry, as shown in Fig. 2(a). When the element is rotated
about the z-axis, a partial torus is formed as shown in Fig. 2(b). When modeling axisymmetric structures using
ANSYS, the y-axis is the axis of revolution.
The displacement ﬁeld of an axisymmetric structure is given byFig. 2.
axisymu ¼ uðr; zÞ
tðr; zÞ
 
ð1ÞFor a structure undergoing elastic deformations, strain components are computed from the displacements.
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¼ Su ð2ÞFour-node quadrilateral axisymmetric element: (a) 2D quadrilateral axisymmetric element, (b) revolved section of a quadrilateral
metric element and its stress/strain components.
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array of stress (r) components arer ¼ rr rz rh srz½ T ð3Þ
The applied thermal loads will result an initial strain vector. This can be written ase0 ¼ er ez eh crz½ T ð4Þ
For an isotropic material, the initial strain for a temperature change DT = T  T0 (with T0 a temperature
where no straining is caused) with a linear coeﬃcient of thermal expansion a is given bye0 ¼ aDTm ð5Þ
The above governing equations described the behavior of axisymmetric solids undergoing thermoelastic defor-
mation. A detailed review of the derivation of the above equations and the modeling aspects of elastic axisym-
metric problems are presented in Fagan (1992), Huebner et al. (2001) and Zienkiewicz et al. (2005).
2.4. Coupled thermal-stress analysis
ANSYS Multiphysics FEA software was used in conjunction with the MD optimization method. Steady-
state coupled-ﬁeld thermal-stress analysis was performed, in which two diﬀerent ﬁelds (thermal and structural)
were coupled. The elements used have temperature degrees of freedom (DOF) in the case of PLANE75, and
displacement DOF (ux, uy and uz) in the case of axisymmetric PLANE25 element. For this study, the coupled-
ﬁeld modeling was carried out using the ‘indirect’ method, whereby temperature loads from the thermal anal-
ysis are read as body loads for thermal-stress analysis, using a one-way coupling method (ANSYS, 2004).
3. Optimization methodology
3.1. Optimization mathematical model
Within the scope of this study, axisymmetric structures of optimal shape/topology were determined using
the MD optimization method. The design problem, was therefore to minimize compliance f1(Ti) and/or mass
f2(Ti) subject to geometric response constraints. The optimization problem to be solved is deﬁned asmin
T
ff1ðT iÞ; f2ðT iÞjT i ¼ Y 1i1  Y 1i2     Y 2i1  Y 2i2      Y ‘i1  Y ‘i2  . . . ; T i 2 D \ U; Y kij 2 Ukg ð6Þ
U ¼ U1 [ U2 [    [ U‘; U  R2 ðor R3Þ ð7Þ
and constraint set D in (1), is deﬁned asgjðT iÞ 6 0; j ¼ 1; 2; . . . ;m; ð8Þ
Kiui ¼ pi; uTi Kiui > 0 ð9Þ
Y kij 2 Sk; Sk ¼ ðsk1; sk2; . . . ; sknk Þ; k ¼ 1; 2; . . . ; ‘; ð10Þwhere f1(Ti) : D \ U! R and f2(Ti) : D \ U! R are ‘real value’ objective functions associated with each
topology structure Ti withf1ðT iÞ ¼
Z
U
F  udUþ
Z
eC t t  udeC; ð11Þbeing the mean structural compliance (a system deﬂection equivalent), which is a positive quantity, and equal
to twice the strain energy of the structure at equilibrium, and f2(Ti) being the structural mass. The above con-
straints require that the structure to be generated within a speciﬁed series of two or three-dimensional design
domains (7), which satisfy structural response constraints (8), meet structural stability equilibrium conditions
(9), and are constructed from speciﬁed components (10). The following notations used, are
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Y kij j-th element in i-th topology structure and an element of Uk
Uk k-th subdomain
gj(Ti) 6 0 structural response constraints
Kiui = pi equilibrium condition
uTi Kiui > 0 immobility condition
Ki stiﬀness matrix of Ti
ui displacement vector of Ti
pi load vector if Ti
Fi force vector of Ti
ti applied traction on boundary eCt
Sk geometry of UkThe MD optimization method is powered with mechanisms for both structural growth and degeneration.
Growth is guided to occur only at certain locations within the structure known as ‘growth cones’. A growth
cone is deﬁned as a local section of structural surface where high strain energy, high compliance, and/or high
stress is present (Liu et al., 2005). Growth implemented through growth cones are based on the following
reasons:
• The addition of elements (structural material) creates new paths for load distributions.
• The addition of elements (structural material) to these areas can disperse high strain energy and reduce high
compliance.
• High stress can be decentralized by adding structural elements.
Conversely, elements that carry little or no load are considered to be ineﬃciently used, and thus can be
removed. In MD, structural growth may be described in terms of the various network topologies, shown in
Fig. 3.3.2. Dynamic growth factor
During optimization, structural growth and degeneration was controlled by a dynamic growth factor
(DGF). The form of the DGF is shown in the graph in Fig. 4. The values of max(i)+, min(i)+, min(i),Fig. 3. Growth cone topologies of MD.
Fig. 4. Structural dynamic growth factor versus hybrid constraint function.
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structure (i.e. number of nodes and elements), the total size of structural surface, and structural symmetry
in one or more directions. During the optimization procedure, the values and factors which determine the
DGF may vary from each iteration to the other. Therefore, the DGF is an adaptive function, changing from
one structural topology to another.
The rate of structural growth and degeneration (i.e. the control of sizes of growth cones and structural ele-
ments to be removed) is dynamically regulated by the DGF. The DGF is related to the current structural per-
formance, imposed structural response constraints, and the calculated stress (and/or strain energy). With
reference to Fig. 4, G(Ti) represents a hybrid constraints function and is determined by comparing structural
responses (i.e. stress or deﬂection) within the speciﬁed limits deﬁned byGðT iÞ ¼
Xm
j¼1
wjgjðT iÞ ¼
Xm
j¼1
wjðjRjðT iÞj  jRj jÞ ð12Þwhere Rj(Ti) is the j-th structural response, m is the number of the response constraints, R

j is a user speciﬁed
target for the j-th response, and wj is a weighting function. The values of G(Ti) at points A and B are speciﬁed
asA ¼
Xm
j¼1
wjjRj j ð13aÞ
B ¼ A
2
ð13bÞTherefore, the DGF, the value of which depends through simple averaging on the values of the limits max(i)+,
min(i)+, etc., is a piecewise linear function of G(Ti). The adaptive nature of the DGF improves the algorithm’s
speed of convergence, thus making the MD method computationally eﬃcient (Liu et al., 2005).
The ﬂowchart in Fig. 5 shows the process ﬂow of the MD optimization. The optimization algorithm
employs a hierarchical structure. Initially, the objective function f1(Ti) for structural compliance is minimized.
At this stage, the objective function f2(Ti) for structural mass is ignored until all structural response constraints
are satisﬁed. During the initial stages of the optimization, a positive growth factor is employed, whereby more
elements are added than removed in each iteration. Conversely, during later stages of the optimization, a neg-
ative growth factor is employed, whereby ineﬃciently (lowly stressed) used elements removed. Convergence is
deemed to have occurred if all design criteria have been satisﬁed and the mass cannot be reduced any more
(Liu et al., 2000).
Fig. 5. Flow chart of the MD method.
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The material properties for the axisymmetric structure are shown in Table 1.
The schematic diagram in Fig. 6(a) shows the cross-sectional geometry, load, and displacement boundary
condition of the initial structure. The geometric parameters were, r1 = 125 mm, r2 = 150 mm, le = 25 mm,
h = 40 mm, t1 = t2 = 1 mm, and t3 = 2 mm respectively. Quadrilateral elements of uniform mesh size
0.5 mm · 0.5 mm were used for the FE model. Only one half of the structure (zP 0) and the symmetric por-
tion (rP 0) about the axis of symmetry (r = 0) of the cross-section was modeled. Steady state, uniformly dis-
tributed pressure (P1 = P2 = 73 MPa) was applied as surface loads on the inner (r = r1) and outer radial
surfaces (r = r2). Displacements constraints were applied to all nodes (denoted by z
0  z 0) at r1 6 r 6 r2 and
z = h/2. All nodes along z 0  z 0 were constrained to have DOF uz = 0 and uh = 0.
Fig. 6(b) shows the temperature boundary conditions and geometric restrictions of the optimization prob-
lem. During the optimization, internal surfaces Cx1, Cx2 and Cx3, on the upper half, and Cy1, Cy2 and Cy3 of the
bottom half of the structure was to be symmetrically re-shaped. Height (h) and width (le) was to be maintained
at 40 mm (h = hmin), and 25 mm (le = lemin) respectively. The minimum vertical section thicknesses were to be
maintained at 1 mm (where t1 = t1min and t2 = t2 min). For Case-1, t3min can vary during the optimization, but
had to be within t3 6 t3min 6 30 mm. For Case-2, t3min can vary during the optimization, but had to be within
t3 6 t3min 6 hmin. Surfaces denoted by Cr1 and Cr2 were to be kept ﬂush. Degeneration was not permitted to
occur within any existing structural elements of the initial structure, as well as any element face subjected to
directly applied loads.Table 1
Material properties of axisymmetric structure
Material properties Value
Young’s modulus (E) 208 · 109 N/m2
Density (q) 7854 kg/m3
Poison’s ratio (t) 0.28
Thermal conductivity (k) 60.5 W/m K
Thermal expansion coeﬃcient (a) 17.70 · 106/C
Fig. 6. (a) Geometry, pressure loads, and displacement boundary conditions of the initial structure. (b) Temperature boundary conditions,
optimization geometric restrictions, and growth surfaces.
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at boundary conditions were set to vary linearly (increment and decrement of 5 C/mm) from 200 C at the
upper tip (r = r1,z = h), to 300 C at the mid-point (r = r1,z = h/2), and to 200 C at the lower tip
(r = r1,z = 0). At the outer radial surface (r = r2), steady state temperature boundary condition was set to vary
linearly (increment and decrement of 5 C/mm) from 300 C at the upper tip (r = r2,z = h), to 400 C at the
mid-point (r = r2,z = h/2), and to 300 C at the lower tip (r = r2,z = 0). Only conduction heat transfer was
modeled, convection heat transfer was neglected. The conduction heat transfer of an axisymmetric structure
derived from an energy balance on a volume element of axisymmetric coordinates is given byqC
oT
ot
¼ 1
r
o
or
kr
oT
or
 
þ 1
r2
o
oh
k
oT
oh
 
þ o
oz
k
oT
oz
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ð14Þ5. Optimization results
In the following section, the optimization results, convergence plot, optimization history, and stress con-
tour plots for both cases were presented.
5.1. Case-1 (restricted design domains)
In Case-1, optimization was carried out under ‘restricted’ ﬁnite design domains. The optimization was
started from a simplest possible initial structure. The history of the optimization is shown in Fig. 7(a)–(d).
The optimization took 128 iterations to converge. Fig. 8(a) shows the optimization convergence history. Dur-
ing the course of the optimization, high strain energy/stress was signiﬁcantly reduced. An ‘open ended’ struc-
ture, which resembled parabolic curve proﬁle was generated. The optimization convergence plot shows that
maximum stress (rmax) was signiﬁcantly reduced from 14,322 MPa to 801.82 MPa. Mass was increased when
more structural material is added (see Fig. 8b). The mass of the optimized structure was 3.31 kg. Conversely,
maximum structural deﬂection was decreased from 8.60 mm to approximately 0.56 mm, because of the signif-
icant stiﬀness enhancement through the optimization.
Fig. 9 shows the von-Mises stress distribution of the optimized structure. To give a complete picture, sev-
eral points along the optimized structure were identiﬁed (see Fig. 10b). Fig. 10(a) shows the von-Mises stress
distributions along the parabolic proﬁle surface (denoted by points ‘a’, ‘b’, and ‘c’) and across the horizontal
middle section (points ‘g’–‘k’). Due to the symmetric nature of the structure about the dotted line z 0  z 0, stress
distribution was plotted for only one half of the structure. Along points ‘abc’, starting from point ‘a’, surface
Fig. 8. (a) Optimization convergence history, (b) optimization history plot.
Fig. 9. Von-Mises stress distribution of the optimized structure (Case-1) (dotted line indicates un-deformed edge).
Fig. 7. MD optimization history of the axisymmetric continuum structure of Case-1 (cross-sectional view): (a) iteration-0 (initial
structure), (b) iteration-30, (c) iteration-50, (d) iteration-128 (optimized structure).
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Fig. 10. (a) Stress distribution along speciﬁc structural points, (b) speciﬁc points of the optimized structure of Case-1.
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From point ‘b’, surface stress ﬂuctuated between 500 MPa and 700 MPa, ﬁnally dipping at point ‘c’. From
points ‘g’ to ‘k’, stresses peaked at ‘g’, ‘i’ and ‘k’. Internal stress levels throughout the structure remained
low. Importantly, the computed maximum von-Mises stress was maintained below the imposed limit. This
indicated that the objective of the optimization had been achieved.
5.2. Case-2 (unrestricted design domain)
In Case-2, optimization was performed using ‘unrestricted’ ﬁnite design domains. The optimization history
is shown in Fig. 11(a)–(d). A ‘closed proﬁle’ structure, which resembled hollow shell structure, was generated
(see Fig. 11d). The optimization took 111 iterations to converge, as shown in the convergence history in
Fig. 12(a). The maximum von-Mises stress was reduced signiﬁcantly from 14,322 MPa to 803.33 MPa. Mass
is increased from approximately 0.85 kg to 2.44 kg (see Fig. 12b). Conversely, maximum deﬂection was
decreased from approximately 8.60 mm to approximately 0.42 mm, due to the signiﬁcant stiﬀness enhance-
ment through the optimization.
The von-Mises stress contour plot of the optimized structure is shown in Fig. 13. To illustrate the detailed
stress distribution, some speciﬁc points at regions where structural growth was most signiﬁcant were identiﬁed
(see Fig. 14b). Fig. 14(a) shows the von-Mises stress distribution along the cavity walls (points ‘a’–‘g’), and
along the top exterior surface (points ‘h’, ‘i’, and ‘j’). Stress distribution, starting from points ‘a’–‘g’ is not uni-Fig. 11. MD optimization history of the axisymmetric continuum structure of Case-2 (cross-sectional view): (a) iteration-0 (initial
structure), (b) iteration-10, (c) iteration-30, (d) iteration-111 (optimized structure).
Fig. 12. (a) Optimization convergence history, (b) optimization history plot.
Fig. 13. Von-Mises stress distribution of the optimized structure (Case-2) (dotted line indicates un-deformed edge).
Fig. 14. (a) Stress distribution along speciﬁc structural points, (b) speciﬁc points of the optimized structure of Case-2.
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peaked at point ‘i’. Stresses at points ‘d’ and ‘i’ was computed to be the maximum stress. Stress levels were
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803.33 MPa. Although this ﬁgure was approximately 0.41% above the imposed limit, this slight increase
was acceptable. When the iterative process was taken further than 111-iteration, it was found that structural
mass had increased slightly to reduce the maximum stress.6. Discussion
During the optimization, growth was guided to occur where high stress/compliance was present. High
stress/strain energy was decentralized when structural materials were added to distribute load. Reducing
the stress concentration factor under static load will increase the fatigue endurance of the component, pro-
vided that the loading spectrum falls within a certain frequency band. Conversely, elements that undergone
low stress or termed as ‘ineﬃcient’ were removed by degeneration, as they did not improve or contribute much
to the overall structural integrity.
In Case-1, ﬁnite ‘restricted’ design domains were deﬁned. The outcome of the optimization resembled
‘open-ended’ parabolic curve proﬁle. Interestingly, structures of parabolic curvature were also found in the
shapes of cabled tension roof structures (Schueller, 1996), and of architectural designs (Descharnes et al.,
1989).
In Case-2, optimization was performed using ﬁnite ‘unrestricted’ design domains. Growth was not primar-
ily concentrated between the junction of surfaces Cx1, Cx2, and Cx2, Cx3 (symmetric to Cy1, Cy2, and Cy2, Cy3)
(refer to Fig. 6b). Instead, growth was most signiﬁcant along tip ends of the structure, where the two ends were
joined. This signiﬁcantly reduced excessive deﬂection of the ‘cantilever-like’ ends. Interestingly, the optimized
structure resembled hollow shell structures, which are commonly found in stiﬀ and lightweight engineering
structures.
Table 2 compares several key attributes of both the optimized structures. Based on the computed results, in
terms of maximum deﬂection and structural weight, the optimum design solution obtained in Case-2 is supe-
rior to that of Case-1. Case-2 indicated 26.34% reduction in structural mass and 24.86% reduction of maxi-
mum deﬂection, when compared to Case-1. Apart from the slightly higher maximum stress, the optimized
solution of Case-2 is a more favorable design in terms of structural stiﬀness and weight.
In fact, the optimization process can start from any degree of structural development from the simplest pos-
sible structure to a heavy ground mesh. Like other heuristic methods, MD cannot guarantee a global optimum
solution, but it has been shown to be able to successfully ﬁnd the optima on standard test problems (Liu et al.,
2005), and, based on our experience, in most cases the choice of initial structure will not make much diﬀerence
to the ﬁnal design obtained.7. Post-optimization
Optimized structures might not be optimum due to their approximated surface proﬁles. Geometric discon-
tinuities caused by the abrupt transition between quadrilateral and triangular elements can be smoothened (see
Fig. 15) by a post-optimization process, although using both quadrilateral and triangular elements (see
Fig. 15a) has already given much smoother boundaries and results, than that of using quadrilateral elements
only. Coordinate points of FE nodes along the external boundaries of the optimized structures were exported
to a CAD software package, where a series of spline curves were ﬁtted to deﬁne a smooth surface proﬁleTable 2
Comparison of attributes of optimized structures
Case-1 (restricted design domains) Case-2 (unrestricted design domains)
Mass (kg) 3.31 2.44
Maximum stress (MPa) 801.82 803.33
Maximum displacement (mm) 0.56 0.42
Iterations to convergence 128 111
Fig. 15. (a) Surface discontinuities of an exemplar optimized structure caused by element transition, (b) smoothing surface discontinuities
by spline ﬁtting approach.
Fig. 16. Post-optimized structures (cross-sectional view): (a) Case-1, (b) Case-2.
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were then re-meshed using triangular elements. To assess their performance, coupled thermal-stress analyses
based on the identical load and boundary conditions were performed. A comparison was made for the opti-
mized and post-optimized solutions by looking at several key attributes such as structural mass, displacement,
and stress distribution to demonstrate whether the post-optimized gave greater or less performance
characteristics.
7.1. Post-optimized results (Case-1)
The von-Mises stress contour plot of the post-optimized structure is shown in Fig. 17. Fig. 18(a) shows the
stress distribution along several speciﬁc points identiﬁed in Fig. 18(b). By comparing the stress distribution of
the post-optimized with the optimized structure, stress ﬂuctuations previously present along points ‘a’–‘c’ were
eliminated (refer to Fig. 10). The maximum stress of at point ‘B’ was reduced from 801.82 MPa to 796.16 MPa
through the post-optimization process. The maximum deﬂection and mass of the post-optimized structure was
computed to be 0.55 mm and 3.32 kg respectively. Importantly, after post-optimization, the maximum stress
was kept below the imposed limit.
Fig. 17. Von-Mises stress distribution of the post-optimized structure (Case-1) (dotted line indicates un-deformed edge).
Fig. 18. (a) Stress distribution along speciﬁc structural points of the post-optimized structure, (b) speciﬁc points of the post-optimized
structure (Case-1).
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Fig. 19 shows the von-Mises stress distribution of the post-optimized structure. To illustrate the detailed
stress distribution, some speciﬁc points were identiﬁed (see Fig. 20b). By comparing the stress distribution
of the optimized (refer to Fig. 14) to the post-optimized structure (see Fig. 20a), maximum stress previously
present at point ‘d’ was reduced. The notch at point ‘d’, which was the cause for high stress concentration was
eliminated. Maximum stress at point ‘i’ was reduced from 803.33 MPa to 798.83 MPa (approximately reduced
by 0.56%). The maximum deﬂection and mass of the post-optimized structure was computed to be 0.41 mm
and 2.46 kg respectively. Again, the maximum stress was kept below the imposed limit (rc). Table 3 summa-
rized the results of the post-optimized structures.7.3. Comparing optimized and post-optimized structures
Both the post-optimized structures show a slight increase of structural mass. However, maximum stress and
maximum deﬂection were slightly decreased. Depending on how spline curves were ﬁtted to the optimized
model, structural mass may be aﬀected. For this study, spline curves were ﬁtted over a series of peak nodal
coordinates. This approach meant that additional structural materials were needed to ﬁll up the gaps between
Fig. 19. Von-Mises stress distribution of the post-optimized structure (Case-2) (dotted line indicates un-deformed edge).
Fig. 20. (a) Stress distribution along speciﬁc structural points of the post-optimized structure, (b) speciﬁc points of the post-optimized
structure (Case-2).
Table 3
Comparing attributes of the optimized and post-optimized structures
Case-1 (optimized) Case-1 (post-optimized) Case-2 (optimized) Case-2 (post-optimized)
Mass (kg) 3.31 3.32 2.44 2.46
(0.33% increase) (1.01% increase)
Maximum stress (MPa) 801.82 796.16 803.33 798.83
(0.71% reduction) (0.56% reduction)
Maximum deﬂection (mm) 0.56 0.55 0.42 0.41
(1.79% reduction) (2.84% reduction)
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Fitting spline curves over an approximated surface, leading to the removal of material was not recommended.
For this particular problem, the structures were optimized for minimum weight or minimum material to sat-
isfy minimum stress criteria. Any additional removal of material from the optimized structure would degrade
performance. Smoothing of abrupt structural surfaces reduced the peak stresses at regions where sudden sur-
D.B. Ngim et al. / International Journal of Solids and Structures 44 (2007) 685–704 701face transition occurred (i.e. notch). For example, in Case-2, at point ‘D’ (see Fig. 20), the notch stress previ-
ously present at point ‘d’ (see Fig. 14) was signiﬁcantly reduced from approximately 800 MPa to 500 MPa.
The post-optimization procedure showed that optimized structures could be slightly improved prior to
manufacturing. Importantly, all structures achieved the imposed optimization criteria.
8. Post-processing and manufacturing of the concept models
The ﬁnal CAD models of both structures are shown in Fig. 21(a) and (b) respectively (revolved 270 views).
In this paper, we focused on the post-processing and manufacturing of the more un-conventional design of
Case-2. Due to the ‘closed-proﬁle’ axisymmetric nature of this design, conventional tooling and subtractive
based manufacturing processes do not provide suﬃcient manufacturing solutions.
Prior to additive manufacturing, the solid CAD models were converted to Stereolithography (STL) ﬁle for-
mat. Fig. 22 shows the STL ﬁle representation of the post-optimized structure of Case-2, where the geometry
and proﬁle of the solid model was represented by a series of facetted triangles. For this case, the STL ﬁle was
represented by combined number of 32,732 triangular facets. The STL model was then sliced into a series of
2D cross-sections, along the horizontal r–h plane (indicated as the x–y plane in Fig. 22). The concept model
was then progressively built in a series of layered 2D cross-sections, along the z-axis. Regardless of geometric
complexities, the structure was essentially broken down and build in a series of 2D cross-section.
The concept model of an optimized structure was manufactured using the SLS (selective laser sintering)
process. The SLS process is an AMT process which powdered form material are progressively fused together
by a carbon dioxide (CO2) laser to form the ﬁnal product. The chosen material for the concept model was
powdered DuraForm Polyamide (PA). A detailed review of the SLS process and other processes of AMT’sFig. 21. CAD models of the post-optimized structures (revolved 270 section view): (a) Case-1, (b) Case-2.
Fig. 22. Stereolithography (.STL) ﬁle representation of the post-optimized structure of Case-2 (revolved 270 and 90 sections).
Fig. 23. Concept model of the post-optimized structure of Case-2 (revolved 270 and 90 section). Enlarged view indicates optimized
‘closed proﬁle’ cross-section.
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give a clear view of the internal geometry, it was manufactured in 270 and 90 revolved sections. Functional
parts of the optimized structure could be fabricated using ‘DirectSteel’ or ‘LaserForm’ metallic powder mate-
rials, which have mechanical properties similar to that of the material (carbon steel) simulated in the modeling
and structural optimization stages, which formed the topic for further research.9. Conclusions
In this paper, we presented a design method where structural performance and part manufacturability was
optimized. This was done through the use of metamorphic development (MD) as a tool for structural optimi-
zation, coupled with additive manufacturing technology (AMT) as a method for manufacturing. The applica-
tion of the metamorphic development (MD) method provided a systematic growth and degenerative approach
in the optimization of axisymmetric continuum structures subjected to combined compressive pressure and
thermal loads, by means of a fully automated, iterative optimization process. The optimization generated a
minimal weight design which satisﬁed the imposed optimization criteria. Structural stress concentration
was reduced, the mass minimized and the stiﬀness maximized. This study showed that MD can be used as
a ﬂexible design/optimization tool to generate structures which were not only optimized for required perfor-
mances, but were also optimized for manufacturability. Two diﬀerent optimization cases were presented.
Case-1 and Case-2 demonstrated how axisymmetric structures were optimized for performance, and for manu-
facturability. This was done using an indirect approach, whereby restricted and unrestricted design domains
were deﬁned to the optimization problem to suit a particular manufacturing method. Prior to manufacturing,
post-optimization was performed. Attributes of the post-optimized structures were compared to the optimized
structures to see if the post-optimized structures gave greater or lesser performance characteristics. Manufac-
turing of the concept model was performed using an additive manufacturing technology (AMT) to show how
the optimized structure, generated using unrestricted design domains, can be eﬃciently manufactured using a
tool-less approach. In this study, the MD method forms an integral part in the design, analysis and optimi-
zation tool. The advances of AMT provided solutions to the manufacturability of shape/topology optimized
structures of high geometric complexities, which were previously seen only as idealized forms of design.
Finally, AMT forms an integral part in providing manufacturing solutions to shape/topology optimized
design which might previously not be realized using conventional subtractive and formative manufacturing
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